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Computing Machinery and Intelligence - Turing, 1950 
(PwL NYC)

Not restricted 
to…

Organisms ≠ Machines - Nicholson, 2013 (PwL LA)

Gödel's Incompleteness Theorems (PwL Boston)

The Moral Character of Cryptographic Work - 
Rogaway, 2015 (PwL Winnipeg)



Onward to the paper…
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Category Theory

?



Is this really simple? 
Or am I missing something?
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Chain 
Rules



f(x), g(x) is 
differentiable.



h(x) = f(x)g(x)
h’(x) = f’(x)g(x) + f(x)g’(x)



h(x) = f(x)g(x)
h’(x) = f’(x)g(x) + f(x)g’(x)

f(x) = u(x)v(x)
h’(x) = (u’(x)v(x) + u(x)v’(x))g(x) + f(x)g’(x)



f(x1, x2) = (sin(x1/x2) + (x1/x2) - e^(x2)) * 
((x1/x2) - e^(x2))

Automatic Differentiation

Work with values
rather than expressions



Automatic Differentiation

Intermediate Values



Automatic Differentiation

Elementary 
Operations

- Derivatives are 
known

- Chain rules are 
known



Derivatives and Optimization

Baydin et al. 2018
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Output Dimensions



Derivatives and Optimization

Baydin et al. 2018

Model weights



Total Loss

arg min_w = Find the parameter w that minimise L(w)



Derivatives and Optimization

Baydin et al. 2018



Derivatives 
as code
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Symbolic 
Differentiation

● Expression Swell

● Closed Form Expressions
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Automatic 
Differentiation

● Forward Mode
● Reverse Mode



Forward Mode AD

y = f(x1, x2) = x1.x2 + x2 - ln(x1)



Forward Mode AD

y = f(x1, x2) = x1.x2 + x2 - ln(x1)
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Forward Mode AD

Dual Numbers 

Primal
Tangent

Nilpotent 
Infinitesimal



Forward Mode AD

y = f(x1, x2) = x1.x2 + x2 - ln(x1)

v₋₁ v2

v4

v0 v3

v1

x1

x2

ln(v₋₁)

v₋₁ . v0

v1 + v0

v3 - v2
∂y/∂x2 = ?
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Forward Mode AD



Forward Mode AD 
Implementation

● Source to source transformation
● Special purpose compilers
● Operator Overloading



Reverse Mode AD



Reverse Mode AD

Adjoint

How sensitive is y to small 
changes in v?



Reverse Mode AD

Adjoint

For the ith node
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Reverse Mode AD
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Reverse Mode AD
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Reverse Mode AD
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Reverse Mode AD
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v̄ ₋₁ = v̄ 2 · (∂v2 / ∂v₋₁)



Reverse Mode AD
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v̄ ₋₁ = v̅₂ ⋅ (1 / v₋₁)
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Reverse Mode AD

IMPLEMENTATION



Forward vs Reverse 
Mode AD

Forward Mode
●  m >> n
● No extra 

memory

Reverse Mode
●  n >> m (appealing for 

ML)
● Requires a tape to store 

the forward pass values



In Summary we learnt

● Elementary Operations and their chain rules
● Computation Graph (Dynamic vs Static)
● Forward Mode AD

○ Dual Numbers
○ Operator Overloading

● Reverse Mode AD
○ Adjoint
○ Local Derivative
○ Wengert List (implicit in our 

implementation)



Applications

● Neural Network Training (Backpropagation)
● Hyperparameter optimization
● Probabilistic Inference
● Differentiable Solvers (Scientific Computing)
● Differentiable Rendering (Computer Graphics)
● Risk Sensitivity (Finance)
● …



Where to go from here?

● Higher Order Derivatives
● Hack around in PyTorch/Tensorflow
● The Simple Essence of AD - Conal Elliott
● Reverse Mode AD in a functional framework - 

Lambda the ultimate backpropagator - 
Pearlmutter, Siskind

● Semantic preserving Differentiable Compilers 
to GPUs

● Automatic Vectorisation?



</EOM>


