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Time, Clocks and the Ordering of Events in a Distributed System

Paxos, Paxos simple
Raft
Bitcoin
2. Linear logic, ownership types, and affine types
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Ownership Type: A Survey

3. Formal Verification
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selL4

Forward and Backward Simulations

4. Symbolic Verification of Cryptographic Protocols
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The MLIR Paper - Abhiroop volunteers to present this, but maybe not at the earliest meetups
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The Moral Character of Cryptographic Work -
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The Simple Essence of Automatic Differentiation

CONAL ELLIOTT, Target, USA

Automatic differentiation (AD) in reverse mode (RAD) is a central component of deep learning and other uses
of large-scale optimization. Commonly used RAD algorithms such as backpropagation, however, are complex
and stateful, hindering deep understanding, improvement, and parallel execution. This paper develops a
simple, generalized AD algorithm calculated from a simple, natural specification. The general algorithm is
then specialized by varying the representation of derivatives. In particular, applying well-known constructions
to a naive representation yields two RAD algorithms that are far simpler than previously known. In contrast
to commonly used RAD implementations, the algorithms defined here involve no graphs, tapes, variables,
partial derivatives, or mutation. They are inherently parallel-friendly, correct by construction, and usable
directly from an existing programming language with no need for new data types or programming style,
thanks to use of an AD-agnostic compiler plugin.
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Is this really simple?
Or am | missing something?
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The Simple Essence of Automatic Differentiation

CONAL ELLIOTT, Target, USA

Automatic differentiation (AD) in reverse mode (RAD) is a central component of deep learning and other uses
of large-scale optimization. Commonly used RAD algorithms such as backpropagation, however, are complex
and stateful, hindering deep understanding, improvement, and parallel execution. This paper develops a
simple, generalized AD algorithm calculated from a simple, natural specification. The general algorithm is

New problem: you have get to grips with co-cartesian

categories, continuation passing style, and suchlike

This talk: Conal's ideas, but for babies

€CCOP

London 2019
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Automatic Differentiation
in Machine Learning: a Survey

Atilim Giineg Baydin GUNES@ROBOTS.OX.AC.UK
Department of Engineering Science

University of Ozford

Ozford OX1 3PJ, United Kingdom

Barak A. Pearlmutter BARAK@QPEARLMUTTER.NET
Department of Computer Science

National University of Ireland Maynooth

Maynooth, Co. Kildare, Ireland

Alexey Andreyevich Radul AXCH@MIT.EDU
Department of Brain and Cognitive Sciences

Massachusetts Institute of Technology
Cambridge, MA 02139, United States

Jeffrey Mark Siskind QOBIQPURDUE.EDU
School of Electrical and Computer Engineering
Purdue University

West Lafayette, IN 47907, United States

Abstract

Derivatives, mostly in the form of gradients and Hessians, are ubiquitous in machine learn-
ing. Automatic differentiation (AD), also called algorithmic differentiation or simply “auto-
diff”, is a family of techniques similar to but more general than backpropagation for effi-




Chain
Rules

1. Sum / difference

2 f() +9(@)] = (=) + 9/ (2)

Linear: derivative distributes over sums.

2. Constant multiple

—lef@)] =cf (@)

Constants factor out.

3. Product (Leibniz) — two factors

2 f(@)o(@)] = F@)e@) + f()d @)

Derivative of a product = sum of each factor differentiated while the other is held.

4. Quotient

4 [f(x)] _ ['(@)g(z) — f(2)d(x)
dz | g(z) g(z)?

Can be derived from product + chain rules (oruse f/g = f - g7 ).

5. Power rule (real exponent 1)

i [(II”] i nmn—l

& (for constant n)

More generally for f(z)™ dix [f(z)"] = nf(a:)”*li’(:c).



f(x), 9(x) Is
differentiable.

Afunction f : R — Ris differentiable at a point « if the following limit exists:

iy _ o Fath) — fa)
If this limit exists (as a real number), then:

« the derivative atais f'(a),
« and fis said to be differentiable at a.
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Automatic Differentiation

f(x1, x2) = (sin(x1/x2) + (xX1/x2) - en(x2)) *
((X1/x2) - en(x2))

def F(x1, x2): Work with values
a =x1/ x2 rather than expressions

b = math.exp(x2)
return (math.sin(a) + a - b) * (a - b)



Automatic Differentiation

def F(x1, x2):
= %1 J x2
= math.exp(x2)
return (math.sin(a) + a - b) * (a - b)

Intermediate Values



Automatic Differentiation

def £(x1, x2):
a = x1@x2

b = math.@xp) .x2)
return (math @a)@ @b)@(a @b)

Elementary
Operations
- Derivatives are



Derivatives and Optimization

—_— model
e

Model
fw 5 Rn =7 Rm
Q(fw(x).y)
Data l
Inputs: ¥
;(pe RN Optimization
outputs: | W' = argmin 3, Qi(fu(x,). ;)
yi € R™ :

Baydin et al. 2018

Fitted/trained .



Derivatives and Optimization
~ Model
fw : Rn = Rm
Input and Q(fw(x).y)
Output Dimensions

Data l

;?peuts: Optimization \ Fitted/trained
olutputszl We = argvrlnin 3 Qi(fw(x;).y;) —  model

y;eR@f ___fu_r

Baydin et al. 2018



Derivatives and Optimization

Model
g.,): R — ™
Model weights ' Q(fw(x).y)

Data J

Inputs: - - -, S——
x,~pe RN Optimlzauon lFltted/tralned:
outputs: . — argvrlnln > Qi(fw(%).Y)) mfodel

w |

yi € R™ . B '

fu(z) =Wz +bw= (W,b) where W € R™*"and b € R™. Baydin et al. 2018



,w* = arg 11}3112 Q(fw(xi)a y-i)

N

Total Loss L(w) = ) Q(ful(=),u)

1=1

arg min_w = Find the parameter w that minimise L(w)

B N o ) Q) afu'(xi)
VuoLl(w) = 12:1: e Q(fw(il?i),yi)- %Q(f“'(mé)’y'i) - 8_3'] §=f(z:)  dw



Derivatives and Optimization

—_— model
e

Model
fw 5 Rn =7 Rm
Q(fw(x).y)
Data l
Inputs: ¥
;(pe RN Optimization
outputs: | W' = argmin 3, Qi(fu(x,). ;)
yi € R™ :

Baydin et al. 2018

Fitted/trained .



Derivatives
as code

h=x
ln+1 = ‘un(l = In)

f(z) =1y = 64z(1 —z)(1 — 27)(1 — 8z +822)?

Coding
A 4
f(x);
v=x
fori=1to3
v=4v(1l-v)
v

or, in closed-form,

£ (x);:
64x (1-x) (1-2x)°2 (1-8x+8x"2)"2

f(z) = 128z(1 — z)(—8 + 16z)(1 — 27)%(1 —
8z +822) +64(1 —z)(1 —22)%(1 — 8z +822)% —

Automatic
Differentiation

A 4

£2.(x):
(v,v?) = (x,1)
fori=1to3
(v,v’) = (4v(1-v), 4v’-8vv’)
(v,v?)

Manual 64x(1 — 2x)%(1 — 8z + 822)% — 2562 (1 — ) (1 —
Differentiation 2z)(1 — 8 + 822)?
Coding
\ 4
£ (x )
128x(1 -x)(-8+16x)(1 -2
Xx)"2(1-8x+8x"2) +64 (1
Sx) il =9 x) 0 (18 x 8
N x"2)"2 - 64x(1-2x)"2 (1-8
Symbolic | x+8x72)72-256x(1-x)(1-
Differentiation 2x)(1=8x+ 8 x32)59
of the Closed-form
£:2(
Numerical
Differentiation
T2 (x) s
h = 0.000001
(f(x+h) -£f(x)) /h
: i |




Error

10°

102 10712 10® 10° 10%* 102

Numerlc

2 |1
Round-off error |

/
Truncagion error

dominant dgfninant
. ,' I..
——  Forward difference | |
— — - Center difference
[ I [ [ l [ | |
ot 1w 10" 1wt 10" 107 10° 107




Symbolic

Table 1: Iterations of the logistic map l,+1 = 4l,(1 — l,,), l1 = x and the corresponding
derivatives of [,, with respect to x, illustrating expression swell.

n [, %ln d%ln (Simplified form)
1 1 1
2 4dz(1-—1x) 41 — x) — 4z 4 — 8z

3 16x(1—-2)(1-2x)2 16(1 —z)(1—2x)? —16x(1 —22)?>— 16(1 — 10z + 2422 — 1623)
64x(1 — x)(1 — 2x)

4 64z(1—-z)(1-2x)% 128z(1 —=z)(—8+16x)(1 —2z)*(1 — 64(1 — 42z + 504z% — 2640x° +
(1 — 8z + 8z2)? 8r+822)+64(1—x)(1—-22)2(1—-8x+ 70402* —9984x° + 71682°% — 204827)
822)%2 —64x(1—2x)%(1—8z+8x2)% —
256x(1 — z)(1 — 2z)(1 — 8x + 8x2)?




Symbolic

Table 1: Iterations of the logistic map l,+1 = 4l,(1 — l,,), l1 = x and the corresponding
derivatives of [,, with respect to x, illustrating expression swell.

A )
1 =z \
2 da(l —z) 41— z) — 99

3 16z(1—z)(1—2x)2

4 64z(1-z)(1—-2x)2
(1 — 8z + 82%)?
®

L. !e$2ld:3l" |“ﬁliﬁed form)
1 ° o“ ‘e

6’[»? 48z
16?‘#?&6( z(1—2z)2—  16(1 — 10z + 2422 — 1623)

\W@— r)(—8+16x)(1—2z)?(1 — 64(1 — 42z + 504z2 — 2640z +
C 80822 +64(1—2)(1-22)2(1—8z+ 70402* — 998425 + 71682 — 204827)

812)2 —64x(1—2x)%(1—8x+8z2)? —
256x(1 — z)(1 — 2z)(1 — 8z + 8x2)?
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Automatic
Differentiation

e Forward Mode
e Reverse Mode



Forward Mode AD
y = f(x1, X2) = X1.x2 + x2 - In(x1)



X1

X2

Forward Mode AD
y = f(x1, X2) = X1.x2 + x2 - In(x1)

IN(v.,)

vl + vO




Forward Mode AD

Dual Numbers
Tangent
Primal— @, v J

V; + ;€

Nilpotent
INnfinitesimal



Forward Mode AD
y = f(x1, X2) = X1.x2 + x2 - In(x1)

IN(v.,)

vl + vO



Forward Mode AD

Forward Primal Trace Output Forward Tangent Trace Output

Vg =X 3 Viss =% 4 0

Vo =X -4 Vo =X 1

Vi = ViV 34 =:12 Vp = V—1Vp + VgV 0--4+1-3=3
v, = In(v—,) n(3) =1.10 Vi=Vuie (1./v3) 0<(1/3)=0
Va=V; + Vo -12 +-4=-16 Va=Vi + Vo 3+1=4

Vs =V3—Vy -16-1.10=-17.10 Vv4=V3—V, 4-0=4

Y =¥ -17.10 y=V4 4



Forward Mode AD

Jacobian Matrix

" 0y1

Ox1

OYm

L0021

Oyt
3:{371
OYym
amn "
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Forward Mode AD

Jacobian-vector Product

" 0y1
0z
Oym
L@

0y1 7
8@n

Oym

0z, |




Forward Mode AD
Implementation

e Source to source transformation
e Special purpose compilers
e Operator Overloading



Reverse Mode AD



Reverse Mode AD

Adjoint
oy
v

How sensitive Isy to small
changes in v?



Reverse Mode AD

Adjoint
oy
ov
For the ith node
’l—ji = Z 'U] ZZ':

j€child(i




X1

Reverse Mode AD

IN(v.,)

X2

vl + vO




X1

Reverse Mode AD

IN(v.,)

X2

vl + vO

b d




X1

Reverse Mode AD

IN(v.,)

X2

vl + vO




X1

Reverse Mode AD

X2

V3 = V4 - (Ov4 / dV3)

vl + vO
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Reverse Mode AD

X2

vl + vO
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Reverse Mode AD

X2

vl + vO
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Reverse Mode AD

X2

vl + vO




X1

Reverse Mode AD

X2

V1 =V3 - (dv3/oVl)

vl + vO




X1

Reverse Mode AD

X2

vl + vO




X1

Reverse Mode AD

X2

vO = V1 (dvl/ 3v0)

vl + vO




X1

Reverse Mode AD

X2

vl + vO




X1

X2

Reverse Mode AD

VO = V3 - (3v3 / 3vO) vl +vO




X1

X2

vO = V3

Reverse Mode AD

vl + vO




X1

X2

Reverse Mode AD

VO =Vv3 + V1 - v v] + vO




X1

Reverse Mode AD

V-1 =V2 - (3v2 / dv-) IN(v-)

X2

VO =Vv3 + V1 - v v] + vO




X1

X2

Reverse Mode AD

VO =Vv3 + V1 - v v] + vO




Reverse Mode AD

VO =Vv3 + V1 - v v] + vO




Reverse Mode AD

VO =Vv3 + V1 - v v] + vO




X1

Reverse Mode AD

Vaa=vz - (1/va) +V1-vO0 N (v-)

X2

VO =Vv3 + V1 - v v] + vO




Reverse Mode AD

Forward Primal .
Output Reverse Adjoint Trace Output
Trace
V- = X3 3 V—lz—il:Vg'(]./V—l)'*“—/l ‘1'(1/3)+1"4:
* Vo -4.33
Vo = X5 -4 _02)_(22\_/3'1+V1'V—1 1:1+1~3=4
Vi = V-1Vp 3"4:‘12 \_/1=V3'1 1-1=1
Va = ll‘l(V—l) 11'1(3) =1.10 \_/2 — V4 =1 1--1=-1
V3:V1+Vo ‘12+‘4:‘16 \_/'3=V4'1 1-1=1
V4:V3—V2 ‘16'1.102 _4237 ].
-17.10

V=V, -17.10 y 1



Reverse Mode AD

Vector-Jacobian Product

"1 0y1 Oy1 ]
8@1 B@n
0 Ym 6?/m

L 0xq Oty




Reverse Mode AD

IMPLEMENTATION



Forward vs Reverse

Mode AD
f:R* — R™
Forward Mode Reverse Mode
e Mm>>n e N >>m (appealing for
e NoO extra ML)
memory e Requires a tape to store

the forward pass values



In Summary we learnt

Elementary Operations and their chain rules

Computation Graph (Dynamic vs Static)

Forward Mode AD

o Dual Numbers

o Operator Overloading

Reverse Mode AD

o Adjoint

o Local Derivative

o Wengert List (implicit in our
iImplementation)



Applications

Neural Network Training (Backpropagation)
Hyperparameter optimization

Probabilistic Inference

Differentiable Solvers (Scientific Computing)
Differentiable Rendering (Computer Graphics)
Risk Sensitivity (Finance)



Where to go from here?

Higher Order Derivatives

Hack around in PyTorch/Tensorflow

The Simple Essence of AD - Conal Elliott
Reverse Mode AD in a functional framework -
Lambda the ultimate backpropagator -
Pearlmutter, Siskind

Semantic preserving Differentiable Compilers
to GPUs

Automatic Vectorisation?
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